Introduction {#s1}
============

Scientists often express the results of experiments and observations by the use of means along with a measure of variability. For example, an insect ecologist or physiologist might have an experiment involving a number of treatments, and a systematist might have a sample of morphological measurements of the same character from a series of species. The results of each treatment or set of measurements are represented by a mean ± standard deviation or estimated standard error. Some refer to the interval using the estimated standard error, or standard deviation divided by the sample size, as a standard error interval. This approach is very useful in that it provides the reader with information regarding the measure of central tendency (mean) along with some idea of the variability (standard error) realized in the experiment. However, researchers sometimes fall into a trap by trying to use such results as a substitute for a hypothesis test. When the mean ± the estimated standard error for one treatment doesn\'t overlap with the corresponding interval for another treatment, the researcher might be tempted to conclude that the treatment means are different. This is a dangerous practice since the error rate associated with this comparison is quite large, with differences between equal treatment means declared significant more often than desired ([@i1536-2442-003-34-0001-payton2]). Some will counter this problem by performing 95% confidence intervals and checking for overlap. However, this practice goes to the other extreme and creates extremely conservative comparisons, making it difficult to detect significant differences in means.

Occasionally a situation arises in which a test for the equality of two population parameters is needed but none exists, or at least not one that is easily applied. An example of this is testing the difference between coefficients of variation of random samples from two populations. This poses a unique testing problem since the technique for estimating the standard error associated with the coefficient of variation is not widely known, and thus a measure of variability is often not available for performing a test. Tests for coefficients of variation do exist (e.g., [@i1536-2442-003-34-0001-gupta1]; [@i1536-2442-003-34-0001-wilson1]), but they are somewhat complex and require specialized computer code that is not readily available. An approach one might take in this situation would be to calculate a confidence interval for the coefficient of variation from each sample, then declare them significantly different if the intervals do not overlap (relatively straight-forward methods for calculating confidence intervals for coefficients of variation are discussed in [@i1536-2442-003-34-0001-vangel1] and [@i1536-2442-003-34-0001-payton1]). The primary question becomes: What size of confidence interval should one set in this scenario to assure that the resulting test is at an acceptable error rate, say, 5%?

Previous work on the topic of hypothesis testing includes [@i1536-2442-003-34-0001-payton2] and [@i1536-2442-003-34-0001-schenker1], both of which explore the error rates observed when checking for overlap of standard error bars or confidence intervals in a testing situation. [@i1536-2442-003-34-0001-browne1] explored such use of these intervals in what he called "visual tests" and how they related to tests of means. [@i1536-2442-003-34-0001-goldstein1] proposed methodology that adjusted comparisons based on graphical representations of confidence intervals to attain a desired average type I error rate. We build on these articles and explore further the examination of overlap between confidence intervals or standard error intervals in comparing two population parameters. We discuss adjustments to be made in the event such a procedure needs to be used. We also extend this work to comparing lethal dose estimates and analogous response estimates from two independent probit regressions with the use of adjusted fiducial limits, which has applications to insect pathology and arthropod predation studies.

Confidence intervals and corresponding adjustments for testing hypotheses {#s2}
=========================================================================

Let\'s consider the situation of having random samples from two normally distributed populations. Let *Ȳ*~1~ and *Ȳ*~2~ be the sample means and let *S*~1~ and *S*~2~ be the sample standard deviations calculated from these random samples of size *n1* and *n2*. What we wish to do in this scenario is demonstrate the consequences of checking for overlap between unadjusted confidence intervals or standard error intervals to test hypotheses about the difference between two population means.

To calculate (1−α)100% confidence intervals for the mean, the formula is This formula is calculated for the samples from both populations (i.e., for *i* = 1 and 2). We can calculate the probability that the two intervals will overlap. This involves creating a probability expression for the situation in which the upper confidence limit from either sample is contained within the confidence limits of the other sample. If you allow the variable "*A"* to denote these intervals overlapping, this expression is given by If *n1 = n2 = n*, formula [(2)](#i1536-2442-003-34-0001-eq2){ref-type="other"} simplifies to

The details of the algebraic manipulation leading to the above formula are given in [@i1536-2442-003-34-0001-payton2]. One should note that the *F* value arises by squaring the *t* value in the original formula.

If the two populations being sampled are identical normal populations (i.e., same means and variances), the quantity can be modeled with the *F* distribution with 1 and *n*−1 degrees of freedom. Therefore, the probability that the two intervals overlap can be denoted by

A large-sample version of the above statement can be derived (again if one assumes that the two populations are the same): where *z*~α/2~ is the upper 100α/2 percentile of a standard normal variate (*Z*). The normal variate *Z* is used as the large-sample approximation for the square root of an *F*-distributed variate, and the parenthetical expression in [(4)](#i1536-2442-003-34-0001-eq4){ref-type="other"} is replaced by the value *2* under the assumption of equality of population standard deviations. This result will illustrate the problem associated with checking for overlap between 95% confidence intervals as a testing device. If you set α = 0.05 and generate 95% confidence intervals, then the approximate probability of overlap can be calculated from expression [(5)](#i1536-2442-003-34-0001-eq5){ref-type="other"} as In other words, the 95% confidence intervals will overlap over 99% of the time. The consequences of using 95% confidence intervals should be evident. If you compare these intervals with the expectation of mimicking an α = 0.05 test, what you actually would be doing is performing a test with a much too conservative type I error rate. In other words, the 95% intervals are too wide, resulting in a procedure that declares differences at a proportion much less than the desired α = 0.05 rate.

We can make similar calculations regarding the use of standard error intervals, or intervals calculated by adding and subtracting the estimated standard error from the mean. Often researchers report their results in this fashion, and many times they will place standard error bars on graphs or figures. The easy trap to fall into, however, is thinking that because standard error bars associated with two means don\'t overlap, these means must be significantly different.

The large-sample probability of standard error intervals overlapping when the two populations are identical can be easily found by using expression [(5)](#i1536-2442-003-34-0001-eq5){ref-type="other"} and replacing z~α/2~ with 1. Therefore This probability is equal to 0.843. Thus, examining overlap between standard error intervals to test hypotheses regarding equality of means would be akin to performing a test with a type I error rate of about 15% or 16%.

[@i1536-2442-003-34-0001-schenker1] showed that for general estimation problems, the interval overlap method tends to be the most conservative when the (true) standard errors are equal. They found that for large samples, the Type I error rate when comparing the overlap of 100(1−γ)% confidence intervals is where *k* is the ratio of standard errors. An analogous expression for the case of estimating means was given in [@i1536-2442-003-34-0001-goldstein1]. Replacing *k* with the value of 1 (i.e., assuming the standard errors are equal) will yield a multiplier for the *z* value in the probability statement of , which corresponds to the value given in expression [(5)](#i1536-2442-003-34-0001-eq5){ref-type="other"}.

[Tables 1](#i1536-2442-003-34-0001-t01){ref-type="table"} and [2](#i1536-2442-003-34-0001-t02){ref-type="table"}, based on expression [(7)](#i1536-2442-003-34-0001-eq7){ref-type="other"}, illustrate the relationship of standard error ratios to the likelihood of confidence intervals or standard error intervals overlapping. The data illustrate that the probabilities of overlap decrease as the standard errors become less homogeneous.

We can use equation [(7)](#i1536-2442-003-34-0001-eq7){ref-type="other"} to guide us in adjusting the confidence limits for the intervals to achieve a more desirable error rate. For a given ratio of standard errors, *k*, setting equation [(7)](#i1536-2442-003-34-0001-eq7){ref-type="other"} equal to a desired error rate of α=0.05 and solving for γ yields the correct large-sample confidence level that should be used for the individual intervals. For example, assuming equal standard errors (*k* = 1) yields γ = 0.166. In other words, if you wish to use confidence intervals to test equality of two parameters when the standard errors are approximately equal, you would want to use approximately 83% or 84% confidence intervals. A similar suggestion for the case of estimating means was made in [@i1536-2442-003-34-0001-goldstein1]. The sizes of the individual confidence intervals necessary to perform a 0.05 test grow as the standard errors become less homogeneous, as illustrated in [Table 3](#i1536-2442-003-34-0001-t03){ref-type="table"}.

A researcher will rarely know the true ratio of standard errors. One might estimate it with sample values. Of course, the method of comparing intervals is most useful for cases in which estimates for standard errors are not available. A possible approximation to the ratio of standard errors could be the ratio of the square roots of the two sample sizes, since the standard error of an estimate tends to be inversely proportional to the sample size.

We performed a simulation study to illustrate the calculations given above and to see how well the large-sample results apply to situations with small to moderate samples. Ten thousand pairs of independent random samples were generated from a standard normal distribution using PC SAS (SAS Inst., Cary, NC, 1996) Version 8.2. We varied the sample sizes from *n* = 5 to *n* = 50. Three intervals were constructed for each random sample: mean ± estimated standard error, 95% and 84% confidence intervals for the mean.

Results of the computer simulation are given in [Table 4](#i1536-2442-003-34-0001-t04){ref-type="table"}. The columns of the table record the proportion of times that the intervals for the pairs of random samples overlap. For instance, in the case where the sample size was 10, the proportion of the 10,000 iterations in which the two intervals constructed by the 95% confidence intervals overlapped was 0.995. The proportion of the 10,000 trials in which the two 84% confidence intervals overlapped for the *n* = 10 case was 0.949.

These simulation results validate much of the work done in the previous section. In particular, we have demonstrated that examining the overlap of 95% confidence intervals to test hypotheses is much too conservative. Likewise, using standard error intervals will produce the opposite effect. Another important outcome is the results of using 84% confidence interval methodology (when the true standard errors are equal). The adjusted intervals seem to work well for all sample sizes.

Comparing effective dosages from independent probit regressions {#s3}
===============================================================

Binary regression is useful in experiments in which the relationship of a response variable with two levels to a continuous explanatory variable is of interest. These are often referred to as dose-response models. Sometimes researchers are interested in estimating the dose that is needed to produce a given probability. For example, what insecticide dose is needed to provide an estimated probability of 0.95 for killing an insect? An estimate of this dose is important because using more than is needed could be unnecessarily harmful to the environment or to humans, livestock and wildlife in the proximity of the application ([@i1536-2442-003-34-0001-dailey1]; [@i1536-2442-003-34-0001-flickinger1]). Using less than is needed won\'t accomplish the control that was desired and might result in the evolution of resistance to the insecticide ([@i1536-2442-003-34-0001-shufran1]; [@i1536-2442-003-34-0001-rider1]), and insecticides may reduce natural enemy populations, thereby exacerbating problems of control ([@i1536-2442-003-34-0001-basedow1]; [@i1536-2442-003-34-0001-matacham1]; [@i1536-2442-003-34-0001-croft1]). Generally, that dose is referred to as an effective dose-95 or ED~95~. Two other analogous applications for such an analysis are the derivations of ED~50~s for insect pathogens (e.g., [@i1536-2442-003-34-0001-kariuki1]) and of detectability half-lives for prey proteins or DNA sequences in predator gut analysis ([@i1536-2442-003-34-0001-greenstone1]; [@i1536-2442-003-34-0001-chen1]). Confidence intervals, often referred to as fiducial limits or inverse confidence limits, can be calculated on effective dosages.

For insecticide trials, the ED is often called the lethal dose (LD). The probability of killing an insect given a specific dose is often estimated with probit regression ([@i1536-2442-003-34-0001-ahmad1]; [@i1536-2442-003-34-0001-smirle1]). If there are two or more independent groups of insects, it may be of interest to estimate, say, the LD~90~ for each with probit regression for the purpose of deciding which are the same. One way to do this was provided by [@i1536-2442-003-34-0001-robertson1] which involved calculating a confidence interval for the ratio of LDs. The resulting confidence interval can then be used to test the equality of the two LDs (i.e., if the value 1 is contained in the interval for the ratio, then the LDs are not significantly different). This procedure, though not difficult to perform, is not available in standardized statistical software packages such as SAS. Thus researchers might be tempted to check the overlap of fiducial limits as a substitute for the procedure outlined in Robertson and Preisler. The problem exists in this situation as it does in the case to test two means from a normal distribution. If the researcher uses 95% fiducial limits, then checking whether they overlap will result in a very conservative test. What we wish to investigate here is whether fiducial limits for each population\'s LD~90~ can be calculated in a way that will allow us to determine whether the values are significantly different by whether or not the intervals resulting from these fiducial limits overlap.

Ironically, [@i1536-2442-003-34-0001-robertson1] suggest this very idea. They write "Many investigators have used a crude method to address this question. They compare lethal doses by examining their 95% confidence limits. If the limits overlap, then the lethal doses do not differ significantly except under unusual circumstances." They continue with an example using a fictitious scientist named Dr. Maven. Dr. Maven wanted to compare the LD~90~ for a parent generation to that of a second laboratory generation. Robertson and Preisler continue: "The 95% confidence limits of these LD~90~s do not overlap, and Dr. Maven concludes that they probably differ significantly. However, the exact significance level for this procedure is not clear: it is not 5%."

The fiducial limits that can be calculated on each effective dose can be used to perform the desired test. Suppose fiducial limits of some predetermined size (say (1−α)100%) were calculated for each population. If the fiducial limits overlapped, then the two effective dosages would be declared not significantly different. If the limits did not overlap, then the effective dosages would be declared significantly different. The primary issue at hand is to determine what α is needed for these limits to assure that the desired error levels for testing the LDs are attained. Up to now, SAS was unable to provide anything other than 95% inverse confidence limits. Beginning with SAS Version 8.2, an option was made available for the MODEL statement in PROC PROBIT that allows the user to calculate any fiducial limit he or she desires. This can be achieved by placing a/ALPHA = value after the model statement, where "value" is the decimal alpha level desired for the fiducial limit.

In order to assess the effectiveness of this proposed procedure, we performed a simulation study in PC SAS Version 8.2. The first objective is to find an appropriate level to set the fiducial limits so that they give a 0.05 test. This was accomplished by generating 5000 pairs of independent sets of binary data, with equal sample sizes of 40, from the same population (probit intercept = 0 and slope = 1). For each set of data, effective doses were calculated for the 50^th^, 75^th^, 90^th^, and 99^th^ levels of probability. Fiducial limits were calculated using alpha values ranging from 0.05 to 0.20 and the number out of the 1000 pairs that overlapped was noted. Robertson and Preisler\'s method was also performed for each pair to investigate how it performed. [Table 5](#i1536-2442-003-34-0001-t05){ref-type="table"} presents the simulation results for the proposed method. Note that a 0.95 probability of overlap occurs generally around α = 0.15−0.17, depending upon which effective dose is being tested. This is consistent with the findings in the first section of this paper in which 83% or 84% confidence intervals were found to work well in the comparison of normal means. [Table 6](#i1536-2442-003-34-0001-t06){ref-type="table"} presents the results of Robertson and Preisler\'s ratio method for comparing LDs. One should note that, at least from this simulation, their method tends to reject too frequently when comparing LD~50~s, but seems to work well at the other LDs exhibited.

An analysis of the powers of the proposed method using an adjusted fiducial alpha of 0.17 as compared to the ratio method presented in Robertson and Preisler is presented in [Table 7](#i1536-2442-003-34-0001-t07){ref-type="table"}. Different ratios of slopes of two models were generated, and the probability of rejecting the hypothesis that the LDs were the same calculated for each method. This was done for tests for LD~50~, LD~90~ and LD~99~. As can be seen in [Table 7](#i1536-2442-003-34-0001-t07){ref-type="table"}, the method of comparing fiducial limits is not as powerful as the ratio method. As the differences in slopes of the two probit regressions get larger (and hence, the differences in LDs), the ratio method becomes more likely to detect these differences relative to the method of comparing fiducial limits.

Conclusions {#s4}
===========

Caution should be exercised when the results of an experiment are displayed with confidence or standard error intervals. Whether or not these intervals overlap does not imply the statistical significance of the parameters of interest. If the researcher wishes to use confidence intervals to test hypotheses, it appears that when the standard errors are approximately equal, using 83% or 84% size for the intervals will give an approximate α = 0.05 test. Theoretical results for large samples as well as simulation results for a variety of sample sizes show that using 95% confidence intervals will give very conservative results, while using standard error intervals will give a test with high type I error rates. When applying this idea to test lethal doses or effective doses for two independent probit regressions, with the two populations being the same under the null hypothesis and the sample sizes being equal, using 83% level for fiducial limits will approximate a 0.05 test. However, the ratio test provided in [@i1536-2442-003-34-0001-robertson1] should be used to test effective doses since it has been demonstrated to be a more powerful method of comparison.
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Large-sample probability of overlap of 95% confidence intervals under the null hypothesis
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Large-sample probability of overlap of standard error intervals under the null hypothesis
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Large-sample confidence levels of individual intervals that yield a probability of overlap of 0.95
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Simulation results using two confidence intervals for the mean from the same normal population.
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Simulation results using two inverse confidence intervals from probit regressions performed on the same population.
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###### 

Simulation results using the ratio method to test LDs ([@i1536-2442-003-34-0001-robertson1]).
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###### 

Simulation results comparing powers of ratio test to use of fiducial limits to test differences in LD 50s, LD 90s and LD 99s in probit regressions.
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